MODULES OVER QUANTUM LAURENT POLYNOMIALS 
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Abstract. It is shown that the Gelfand— Kirillov dimension for modules over 
quantum Laurent polynomials is additive with respect to tensor products over 
the base field. The Brookes— Groves invariant associated with a tensor product 
of modules is determined. Strongly holonomic modules are studied and it is 
shown that there can be nonholonomic simple modules. 



1. Introduction 

Let F be a field. Consider the associative .F-algebra P(q) generated by u%, ■ ■ ■ ,u n 
and their inverses such that 

(1) muj = qijUjUi Vi, j S {1, • • • ,n}, 

where qij are nonzero scalars in F and q = (qij ) . It is known by various names such 
as the multiplicative analogue of the Weyl algebra, the quantum Laurent polynomial 
algebra and the quantum torus. It has the structure of a twisted group algebra 
F * A of a free abelian group A of rank n over F. 

In the special case n = 2, ([TJ becomes M1U2 = 912^2^1, where qi2 G F — {0}. 
This situation was first studied in [j] and [L] and it was shown that when qi2 is not 
a root of unity in F, P((qi2)) shares certain curious properties with the first Weyl 
algebra A\(k) over a field k of characteristic zero. 

The case of arbitrary n was first considered by J. C. McConnell and J. J. Pcttit 
in |MPj . It was shown in [MP] that if the subgroup of the multiplicative group of 
F generated by the q^ has the maximal possible torsion-free rank then P(q) is a 
simple noetherian hereditary domain. 

The quantum Laurent polynomial algebras play a fundamental role in noncom- 
mutative geometry (see [M])- They also arise in the representation theory of torsion- 
free nilpotent groups as suitable localizations (see [B]). 

In recent times there has been considerable interest in the theory of these al- 
gebras and their generalizations. The ring-theoretic properties of these rings have 
been studied in [AG] , [A4] and |MPj . In [SI], [X2] and [£3], projective and simple 
modules over general quantum polynomial rings have been considered by V. A. Ar- 
tamonov. In [BGlj and |BG2j , C. J. B. Brookes and J. R. J. Groves have introduced 
a geometric invariant for F * A-modules modelled on the original Bieri-Strebel in- 
variant (see |BSj ). 

The algebras -P(q) are precisely the twisted group algebras F * A of a free finitely 
generated abelian group A over F. In this paper we consider the structure of 
modules over the algebras F * A. We first review (Section 1.1) the basic properties 
of these algebras. We then give a brief exposition of the geometric invariant A(M) of 
Brookes and Groves associated with a finitely generated F * A-module M. Theorem 
A of Section 3 determines the Brookes-Groves invariant associated with a tensor 
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product of modules. The Gelfand-Kirillov dimension (GK dimension) of a tensor 
product of modules is also determined. 

Theorem A. Let Mi be a finitely generated F * Ai-module, where i = 1,2. Then 
for the finitely generated F *(A\ © A%) -module Mi ©^ Mi, 

A (Mi ® F M 2 ) = p* 1 A(M 1 )+p* 2 A{M 2 ), 

where for i = 1, 2, p* : A£ — }■ (A\ © A 2 )* is the injection induced by the projection 
Pi : A\ © A 2 — > Ai . Furthermore, 

GK-dim(Mi ® F M 2 ) = GK-dim(Mi) + GK-dim(M 2 ). 

Section 4 is concerned with strongly holonomic modules. These are defined 
analogously to the holonomic A„(fc)-modules, where A n (k) denotes the n-th Weyl 
algebra over a field k of characteristic zero. An A„-module N is called holonomic if 
GK-dim(AT) = i GK-dim(^4„). Holonomic A„-modules form an important subclass 
of A n -modules and possess some nice properties (see [Bj]). For the algebras F * A, 
GK-din^i* 1 * A) = rank(A) by |MP1 Section 5.1]. We may thus call an F * A- module 
M holonomic if GK-dim(M) = i rank(yl). Such modules are encountered in group 
theory (see |BG4j ) with the additional condition that M is torsion- free as F * B- 
module whenever B is a subgroup of A with F * B commutative. The following 
theorem first shown in |BG4j is given a new proof in Section |4j 

Theorem B. Suppose that an algebra F * A with center F and rank(A) = 2m has 
a strongly holonomic module. Then for a finite index subgroup A' in A, 

F *A' = F *B 1 ® F ■ ■ ■ (g> F F*B m , 

where each Bi = Z © Z and m — ^ rank( A) . 

In |MP[ Section 6] , the question whether an algebra F * A that is simple can have 
simple modules with distinct GK dimensions was considered. It was shown that 
if F * A has Krull (global) dimension one then each simple F * ^4-modulc has GK 
dimension equal to rank(A) — 1. In fact if an algebra F * A has dimension to, where 
1 < to < rank(v4), the work of Brookes in [B] implies that the minimum possible 
GK dimension for a nonzero finitely generated F * A-module is rank(A) — m. The 
question then arises if the GK dimension of a simple F * A-module always equals 
this minimum as in the dimension one case. 

We show in Section 5 that this need not be true in general. 

Theorem C. Suppose that F*A has center exactly F and A has a subgroup B 
with A/B infinite cyclic such that F * B is commutative. Then F* A has a simple 
F * B -torsion- free module S with GK-dim(S') = n — 1. 

1.1. Basic properties. We will now discuss the basic properties of the algebra 
P(q) and its modules. It is easily seen that the monomials u™ 1 ■ • • u™ n , where 
nij G Z, constitute an _F-basis of -P(q). The monomial u™ 1 ■ ■ ■ u™ n is denoted by 
u m , where m = (mi, • • • , m n ) E Z". We denote the set of nonzero elements of F 
by F* . The facts in the next proposition were established in |MP[ Section 1] . 

Proposition 1.1 (McConnell and Pettit). The following properties hold for the 
algebra P(c\): 

a) u-u-' = n J> ,C 3m " um+m '> 

(ii) (u™)- 1 = M (m)u-"\ where M (m) = H, ., "' • 
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(iii) if a £ -P(q) then a is a unit if and only if a = Au m for some nonzero 

Aef, 

(iv) the group-theoretic commutator [u a ,u b ] = u a u b (u a )~ 1 (u b )~ 1 lies in F* , 

(v) the derived subgroup of the group of units of -P(q) coincides with the sub- 
group of F* generated by the qij , where 1 < i,j < n, 

(vii) -P(q) is simple if and only if it has center exactly F . 

An associative F-algebra A is a twisted group algebra F * A of a finitely gener- 
ated free abelian group A over the field F if 

(i) there is an injective function ~ : A — > A, a \-} a, such that A := Image (~) is 
a basis of A as an F-space, 

(ii) the multiplication in A satisfies 

(2) aia 2 = r(ai, a 2 )aia 2 Vai,a2 E A, 
where r : A x A —> F* is a function satisfying: 

(3) T(ai,a 2 )T(aia 2 ,a 3 ) = T(a2,a 3 )T(ai,a 2 a 3 ) Vai,a 2 ,a 3 e A 

Let v4 be a free abelian group with basis {ai, • • • , a n }. Then there is an injection 
A — > P(q) defined by n a™ 1 J| , where m 4 G Z and i = 1, • • ■ , n. Condition 
(ii) above easily follows from ((T|). Finally, the associativity of -P(q) implies ([3]). 
Hence P(q) is a twisted group algebra F * A. 

We note that in an algebra F * A, the scalars are central so that 

Xa = aX VA G F,a G A. 

In a crossed product D*A (see |Pa21 Chapter 1]), where Z) is a division ring, the 
multiplication is defined as in (ii) above but an element d G D need not be central. 
In fact for all a G A and d G D, 

ad = o~ a (d)a, 

for an automorphism a a of D. 

Given an algebra F * A, we may express a <E F * A uniquely as a — X^aeA K a,o-, 
where K a G F. The subset Supp(a) := {a G A \ n a ^ 0} of A is finite and is 
called the support of a in A. For a subgroup B of A the subalgebra {(3 £ F * A \ 
Supp(/3) C i?} of F * A is a twisted group algebra F * B of B over F. 

It is known (see, for example, |Pa2[ Lemma 37.8]) that if B is subgroup of A 
then Sb = F * B\{0} is an Ore subset in F * A. As a consequence the subset 

T Sb (M) := {x G M | jc.s = for some s G Sb} 

of M is an F * A-submodule of M. We say that M is S^-torsion (or F * S-torsion) 
if T Sb {M) = M and Ss-torsion-free (F * B-torsion-free) if T Sb {M) = 0. We note 
that the right Ore localization (F * A)S B ~ 1 is a, crossed product Db* A/B, where Db 
stands for the quotient division ring of F * B. We shall also write (F * A)(F * B) -1 
for (F*A)Sg 1 . 

Note that if a G A then a is a unit of F * A. Without loss, we may assume that 
1 is the identity of F * A. It easily follows from ([5} that for a\, a% G A, the group- 
theoretic commutator [01,02] = ait^a^ 1 ^ 1 G F. Then the following equalities 
hold (see |Ro| Section 5.1.5]): 
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(4) [aia 2 ,a 3 ] = , a 3 }[a 2 , a 3 ] , 

(5) [ai , a 2 a 3 ] = [a,\ , a 2 ] [ai , a 3 ] . 

For a subset X C A, wc define X — {x \ x E X}. Moreover, if X\,X 2 C A, 
we define [X\, X 2 ] = ([xi,x 2 ] | xi € Xi,x 2 G X 2 ). It is clear that [Xi,X 2 ] is a 
subgroup of the multiplicative group F* . 

2. The Brookes-Groves geometric invariant 

We shall now describe a geometric invariant which was introduced in [BGIj and 
|BG2j . It is defined for finitely generated modules over a crossed product D * A of 
a finitely generated free abelian group A over a division ring D. Since a twisted 
group algebra F * A is a special case of D * A, the definitions and theorems that 
follow apply to F * ^-modules as well. 

Let A be a finitely generated free abelian group and A* :— Homz(A,R). Then 
A* is an R-space with dim(A*) = rank(A), where rank(A) is the cardinality of 
a basis of A. For a basis b = {bi \ i £ 1} of A we recall that there is a basis 
b* = {b* \ i e 1} dual to b and this allows the construction of an isomorphism 
rIM We may thus speak of characters <f> 6 A* as points. There is a Z- 

bilinear map {— , — ) : A* x A — > R defined by 

0, c) h> (0, c) = 0(c) V0eA*,ceA 

Whenever £? < A is a subgroup, 

ann(B) := {0 e A* | (0, B) = 0} 

is a subspace of A* with 

dim(ann(i?)) = rank(A) — rank(_B). 

For a subspace V < A* , we define ann(V) analogously as 

ann(V) = {b e A \ (V, b) = 0}. 

It is not difficult to show that ann(ann(_B)) = B. For a point <fr £ A* , we define 

A0,o = {a e A (f>(a) > 0}, 

= {aeA \ (f>(a) > 0}. 

Note that A^^ is a submonoid and A<^ + a subsemigroup of A. In BG2] Propo- 
sition 3.1] several equivalent definitions of the geometric invariant are given which 
are analogous to the commutative case (see BS ). The following definition was 
used in [Bj . 

Definition 2.1 (Brookes and Groves). Let D be a division ring and A be a free 
finitely generated abelian group. Let M be a finitely generated D * A-module with a 
finite generating set X . Then A(M) is defined as the subset 

A(M) = {8 e A* \ XA 0)O > XA e ,+} 

of A*. 

The above definition seems to depend on the choice of a generating set X for M 
but the subset A(M) so defined is actually independent of such a choice (see [Bj 
Section 2]). 
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Definition 2.2 (Definition 2.1 of [BG3 ). Let M be a finitely generated D * A- 
module. For a point <j) G A* , the trailing coefficient module TC^,(M) of M at <j> is 
defined as TC ( p(M) = XA^q/XA^^, where X is a (finite) generating set for M. 

Note that TC<j,(M) is a finitely generated D * if-module where K = ker0. It 
is immediate from Definition |2~T1 that tf> E A(M) if and only if TC^(M) ^ 0. In 
general, TC^(M) need not be independent of X. A dimension for finitely generated 
D * A- modules was introduced in |BG2) . 

Definition 2.3 (Definition 2.1 of |BG2| ). Let M be a D * A-module. The dimension 
dim(M) of M is defined to be the greatest integer r, where < r < rank(v4), so 
that for some subgroup B in A with rank r, M is not D * B -torsion. 

It was shown in |BG2] that dim(M) coincides with the Gelfand-Kirillov di- 
mension (GK dimension) of M. We shall thus occasionally write GK-dim(M) for 
dim(M). The following useful fact was also shown in BG2 . 

Proposition 2.4 (Lemma 2.2 of [BG2] ). Let 

-> Ah -4 M ->■ Mi -> 

be an exact sequence of D * A-modules. Then 

dim(M) = sup{dim(Mi),dim(M 2 )}. 

As already noted we may identify A* with W 1 and A(M) C A* is thus identified 
with a subset of W L . A subset S of W 1 is a polyhedron when S is a finite union 
of convex polyhedra. A convex polyhedron is an intersection of finitely many closed 
half spaces in R". A polyhedron is rational when each of the boundaries of the half 
spaces used to define it is rational, that is, when it is generated by rational linear 
combinations of the chosen dual basis. For a convex polyhedron C, the dimension 
of C is the dimension of the subspace of K™ spanned by C. The dimension of a 
polyhedron is the greatest of the dimensions of its constituent convex polyhedra. 
In [BG2| Theorem 4.4], it was shown that an "essential" subset of A(M) is a 
polyhedron of dimension equal to the GK dimension of M , It was shown in |W1] 
that the Brookes-Groves invariant is polyhedral. 

Theorem 2.5 (Theorem A of [Wl] ). If D * A is a crossed product of a division 
ring D by a free finitely generated abelian group A, then for all finitely generated 
D * A-modules M, A(M) is a closed rational polyhedral cone in Homz(A,R). 

The next section gives an application of the geometric invariant to tensor prod- 
ucts of F * A-modules. 

3. The geometric invariant and tensor products 
Given twisted group algebras F * A\ and F * A2 , the tensor product 

F* Ax ® F F* A 2 

of f-algebras is a twisted group algebra of A\ © A2 over F. Moreover, if Mi and 
M2 are modules over F* A\ and F * A2 respectively then Mi ®p M2 becomes an 
F * A\ ®p F * A2-module via 

(mi ® m 2 )(ai, a 2 ) = miai ® m 2 a 2 Vmi,m 2 E M, ai, a 2 e A 

We shall now determine the Brookes-Groves invariant associated with such a 
tensor product of modules. 
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Theorem A. Let Mi be a finitely generated module over F * Ai, where i = 1,2. 
Then for the finitely generated F *(A± A2) -module Mi (§)f M2, 

(6) A (Mi ® F M a ) = p* 1 A(M 1 )+p*A(M 2 ), 

where p* : A* —¥ (Ai©A 2 )* is the injection induced by the projection pi : Ai©A 2 — > 
Ai for i 6 {1,2}. Furthermore, 

(7) GK-dim(Mt ® F M 2 ) = GK-dim(M 1 ) + GK-dim(M 2 ). 
Proof. Let M := M 1 ® F M 2 . We shall first show that 

(8) P*A(Afi) +^A(M 2 ) C A(M). 

We shall utilize |BG21 Section 3, Definition 4] for the A-set of a module. This is 
as follows: for a finitely generated F * A-module L and a point (4 e i* a nontrivial 
0-filtration of L is a family of F-subspaces L M of L, where /jgR, such that: 

(CI) L v > L^, whenever v < /i, 

(C2) U^eR-L^ = L, 

(C3) i M a = i M +0( a ) for any aei, 

(C4) for each /igl, the subspace L M is a proper subspace of L. 

Then A(M) is defined to be the set of all <\> € A* for which there exists a nontrivial 
0-filtration together with the zero of A* . This definition is equivalent to Definition 
CO (see [BG21 Proposition 3.1]). 

Thus to show ([5]) it suffices to show that for 4>i g A(M,) such that either <\>\ 
or <p 2 is nonzero, M has a nontrivial :— <fiipi + (fej^-filtration. Suppose, for the 
moment, that 4>i ^ for i = 1,2. Since <fii £ A(M,-), where 1 < i < 2, there exists 
a nontrivial ^-filtration {M^j^gR of M^. We now define a 0-filtration on M by 
setting 

M A = ^ M^® F M^, VA € K and V(/x, z/) e {R 2 | M + z/ = A} 

and verify the above conditions (CI) - (C4) as follows: 

(CI) If Ai < A 2 are real numbers and (/u 2 ,f 2 ) is any real pair such that A 2 = 
/i 2 + ^ 2 , then we can find a real pair (/^i, v\) such that Ai = fii + isi and such 
that fn < fi 2 , v\ < v 2 . But then Mf 1 > Mf 2 and M^ 1 > M 2 2 , whence 

Mf 1 ® F M2 1 > Mf 2 ® F M 2 2 , 

which shows that M\ x > M\ 2 . Hence (CI) holds. 
(C2) As the elements of M may be expressed as finite sums of the decomposable 
elements x\ ® x 2 , where Xi € Mi, hence to see that M = Uagr M\ it is 
sufficient to show that x\ g> x 2 £ M\ for some A G HL But the filtrations 
{AfC} and {Af 2 } guarantee the existence of real numbers /1 and v such that 
xi e Mf and x 2 G M 2 . But then £1 ® z 2 <E Mf ®f M 2 C M m+ „. 
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(C3) To show (C3) we note that 

M A (oI,ai) = ( J2 M^® F M^j{WM) 

/J,-\-U — X 

H'+u'=X+<j>( (ai,a 2 )) 
= M \+4>((a u a 2 ))- 

(C4) To show (C4) we suppose to the contrary that for some A £ 1 we have 
M\ — M . This is equivalent to asserting that AIq = M . We shall show 
that this results in a contradiction. By (C4) for the nontrivial 4>i filtration 
on Mi, where i = 1,2, Mi/M® is a nonzero F-vector space. We fix an F- 
basis B° of M°, and an F-basis B t of M 2 such that B° C Bi. Note that the 
inclusion £>° C Sj must be strict since Mi/M° is nonzero. Pick m £ Bi\B®. 
Now Bi (g) S 2 := {«i ® «2 | e Bi} is an F-basis for M = Mi® F M 2 . 
Moreover, the element (u\ ® u 2 ) of B := B\ ® B 2 does not lie in the subset 

B' :={Bl®B 2 )U{Bx®Bl), 

where 

B° ® B 2 := {w ® w | u; e B?, « £ 23 2 } 

and £>i <g> i s defined analogously. Since B is a basis of M, u\ ® u 2 is not 
contained in 

M' := M° ® F M 2 + Mi ® F M 2 ° 
which is the F-linear span of B 1 , and a fortiori, u\ ® u 2 is not in 

M = ^ (g) = ^ ® M 2 U + Y M i ® ^V- 

/iGR f>0 i/<0 

Hence, M ^ M. 

We have thus exhibited a nontrivial </>-filtration of M and so <f> £ A(M). It 
follows that if e A(M*) \ {0} then = £^ =1 ^ is in A(M). The case when 
either <f>i or 2 is zero is handled similarly. 

We now show the reverse inclusion of ((H). Let ifi £ A(M). For i = 1,2, we define 
4>i £ A* by ipi := ipei,where : Ai — > A\ © A 2 is the injection of the biproduct. 
We shall show that ipi £ A(Mi). It then follows that 

2 

t/> = V'lPl + "02P2 G A(Mi)pi. 

i=l 

Suppose that -0i ^ A(Mi). Let X\ be a finite generating set for M\. By [BG2 ( 
Proposition 3.1(v)], for each y £ X\ there is a nonzero a y £ annp » ^ (y), the 
annihilator of y in F * A\, such that attains a unique minimum on the support 
Supp(a y ) of a y in A\. Let A" 2 be a finite F * A-generating set for M 2 . Then 

Af := {y®z | ?/ € € X 2 } 
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generates M as an F *(Ai ® j42)-module. Denoting the image of a y G F * A\ in 
F *(Ai A 2 ) = F * Ai® F F * A 2 

by a' y , we have 

(y <g) z)a' y = ya y (g)z = 0®z = 0. 
Furthermore, %j) = ipipi + ^2^2 has a unique minimum on Supp(a^). But then ip $ 
A(M) by [B"Gl2l Proposition 3.1(v)]. This contradiction shows that Vi G A(Afi). 
Similarly it can be shown that tp2 S A(M 2 ). We have thus shown that holds. 
Applying |BG2i Theorem 4.4] we obtain Q. □ 

4. Strongly holonomic modules 

We shall now develop a proof of Theorem B. We shall first prove some lemmas 
that are used in the proof. 

4.1. Definitions and basic properties. 

Definition 4.1 (Definition 4.2 of BG4 ]). Let M be a finitely generated F * A- 
module where F*A has center exactly F. Then M is strongly holonomic if 

GK-dim(M) = - rank(^l) 

and for each commutative subalgebra F *C , where C < A, M is torsion-free as 
F * C-module. 

Definition 4.2. A nonzero F * A- module N is critical if N/L has GK dimension 
strictly smaller than that of N for each < L < N . 

The following proposition was first shown in [BG2j . 

Proposition 4.3. Let M be a finitely generated nonzero F * A- module. Then M 
contains a critical submodule. 

Proof. Amongst the nonzero submodules of M, choose one, N say, of minimal 
possible GK dimension. If N is not critical it has a nonzero proper submodule Ni 
with GK-dim(A^/7V 1 ) = GK-dim(iV). By the minimality of GK-dim(TV), 

GK-dim(TVi) = GK-dim(A^). 

Applying the same argument to Ni etc., we obtain a chain 

N = N D Ni D N 2 D • • • 

with GK-dim^/Ai+i) = GK-dim(A r ) for each i. By [MPl Lemma 5.6], this chain 
must terminate. But this process halts only when it reaches a critical module. □ 

Proposition 4.4. Let M be a strongly holonomic F * A- module, where F*A has 
center F . Then M is cyclic and has finite length. Moreover each nonzero submodule 
of M is also strongly holonomic. 

Proof. We claim that if an algebra F * A satisfies the conditions of Proposition ^. 41 
then 

GK-dim(F) > - rankpl) 

for each nonzero F * A-module V. Indeed, let V' be a nonzero F * A-module with 
GK-dim(F') < \ rank(A). Then by Theorem 3], there is a subgroup C < A with 
rank(C) > | rank(A) such that F*C is commutative. By Definition 14.11 M must 
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be torsion-free over F*C. Hence by Definition GK-dim(M) > ±rank(A). But 
this is contrary to the hypothesis in the proposition. Hence each nonzero subfactor 
of M has the same GK dimension as M. It now follows from |MP[ Lemma 5.6] that 
a strictly descending sequence of submodules of M halts after a finite number of 
steps. Hence M has finite length. We also note that by Proposition 11.1 f vii) . F* A 
is simple. It follows from |Ba( Corollary 1.5] that M is cyclic. □ 

4.2. Carrier space subgroups. We recall that for a finitely generated D * A- 
module M, A(M) is a finite union of convex polyhedra. AD* A- module is called 
pure when each nonzero submodule of M has GK dimension equal to that of M. It 
is not difficult to see, noting Proposition ^. 4[ that a critical module is pure. It was 
shown in |W2j that if M is pure then A(M) is a (finite) union of convex polyhedra 
each having dimension equal to the GK dimension of M. A subspace V of A* 
is rationally defined if it can be generated by rational linear combinations of the 
elements of the chosen dual basis of A* . A rational subspace V of A* is uniquely 
expressed as V = ann(_B) for a subgroup B of A with A/B torsion- free. 

Definition 4.5. Let M be a finitely generated critical D * A-module with GK-dim(M) = 
to. Associated with the rationally defined polyhedron A(M) there is a finite family 
of m- dimensional rationally defined subspaces of A* which occur as linear spans 
of the convex polyhedra constituting A(Af). These subspaces are called the carrier 
spaces of A(M). 

Definition 4.6. A subgroup of A of the form ann(V), where V is a carrier space 
of A(M) and M a finitely generated critical D * A-module, is called a carrier space 
subgroup of A(M). 

We note that for a carrier space subgroup C of A(M), 

rank(C) = rank(A) - GK-dim(M). 

If C is a carrier space subgroup of A(M) then M cannot be finitely generated 
as F*C-module by |BG2| Proposition 3.8]. The following important property of 
carrier space subgroups was shown in [B] on which the proof of [|B], Theorem A] 
was based. 

Lemma 4.7 (Proposition 4.1(2) of |BG4j ). Let M be a critical finitely generated 
F * A-module and V be a carrier space of A(Af). Then B := ann(V) contains a 
subgroup B\ of finite index such that F *B\ is commutative. 

We recall that a subgroup B < A is isolated in A if A/B is torsion- free. 

Definition 4.8 ( BG3 ). Let M be a finitely generated F * A-module. Let W be a 
rational subspace of A* and B be the isolated subgroup of A such that W = ann(£>) . 
A point (/> € W is said to be nongeneric for W and M if TC<f,(M) is not F *C- 
torsion for some infinite cyclic subgroup C < B. 

The following fact was first shown in |BG41 Lemma 4.5]. The proof was based 
on a geometric characterization of nongeneric points in A(M). 

Lemma 4.9. Let M be a critical strongly holonomic F * A-module, where rank(A) > 
2. For each carrier space subgroup U of A(M), there is a subgroup W of A with 
rank equal to that of U such that F * W is commutative and 

< rank(t/ n W) < rank(J7). 
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Proof. By Lemma 14. 7\ U has a subgroup U' of finite index such that F *U' is 
commutative. By Definition 14. 1[ M is torsion-free over F * U'. We claim that M is 
F * [/-torsion- free. Indeed, if the F * [/-torsion submodule tu(M) of M is nonzero, 
we may pick a finitely generated nonzero F * [/-submodule N of tjj (M) . 

Clearly N is F * [/-torsion and F * [/'-torsion-free. In view of [BG21 Proposition 
2.6], GK-dim(iV) < rank([/). Moreover by Definition EH GK-dim(iV) > rank([/') 
since N is torsion-free as F* [/'-module. We thus have a contradiction and so M 
must be F * [/-torsion-free. 

By [BG3, Corollary 3.7], V := axm(U) contains a nonzero point cf> which is 
nongencric for V and M. By |BG3[ Lemma 3.1], U has an infinite cyclic subgroup 
C such that C € A(M ® f *a (F*A)S~ 1 ), where (j) C is the character of (A/C)* 
induced by <j> and S = F * C \ {0}. Note that Mc ■= M ®f*a (F*A)S- 1 is an 
(F * yl)5 _1 -module and the latter a crossed product Dc * A/C, where Dc denotes 
the quotient division ring of F * C. By BG3 ( Lemma 4.5(2)], M c is critical. 

Now <fic lies in a (rationally defined) carrier space Vc '■= ann(V/C) for some 
V < A. Set K = ker (j>. Then K/C = ker (f> c > V/C and so V < K. It was shown 
in [Bj Section 2] that Dc *V/C has a nonzero module that is finite dimensional as 
a £> c -space. 

Note that 

GK-dim(M c ) = GK-dim(M) - rank(C) 

in view of Definition 12.31 Since dim Vc = GK-dim(Mc), hence 

rank(VyC) = rank(A/C) - GK-dim(M c ) = rank(A) - GK-dim(M) = to. 

By }AG1 Corollary 3.3], V contains a rank m subgroup W with F * W commutative. 
Moreover W is constructed in [AG] so that W Pi C = 1, whence 

rank([/ CiW) < rank([/). 

As <j) is nonzero, rank(_ftT) < 2to— 1 and since U,W < K , hence rank([/nW / ) > 1. □ 

The next lemma is a generalization of [BG5, Lemma 4.4]. 

Lemma 4.10. Suppose that F * A has a finitely generated module M and A has a 
subgroup C with A/C torsion-free, rank(C) = GK-dim(M), and F*C commuta- 
tive. Suppose moreover that M is not F * C -torsion. Then C has a virtual comple- 
ment E in A such that F * E is commutative. In fact given 1-bases {x\, ■ ■ ■ ,x r } 
and {xi, ■ ■ ■ ,x r ,x r +i, ■ ■ ■ ,x n } for C and A respectively there exist monomials [ij, 
where j = r + 1, • • • n, in F * C , and an integer s > such that the monomials [JLjX S j 
commute in F * A. 

Proof. Let x~iXj — qijXjXi, where i,j = 1, ■ • • ,n and qij G F* . We set S = 
F * C \ {0} and denote the quotient field (F * C)S~ 1 by F s . Then (F * A)S~ 1 is a 
crossed product 

R = F s *(x r+ t, ' ■ ■ ,x n ). 
The corresponding module of fractions MS^ 1 is nonzero as M is not S'-torsion 
by the hypothesis. By the hypothesis, GK-dim(AZ) = rank(C) and so in view of 
[BG21 Lemma 2.3], MS" -1 is finite dimensional as an Fs-space. It is shown in 
}AGi section 3] that if R has a module that is one dimensional over Fs then there 
exist monomials /ij £ F[xf 1 , xf 1 , ■ ■ ■ ,xf x ] such that the monomials faXi, where 
r + 1 < i < n, mutually commute. Thus we may take E = ([i r+ ix r+ i, ■ ■ ■ ,/j, n x n ) 
in this case. But as observed in the remark following |AG| Corollary 3.3], the 
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s-fold exterior power A S (MS F 1 ), where s = dimp^, MS 1 , is a one dimensional 
module over R' := F$ * s (x r+ i, • • • , x n ) with the 2-cocycle being the s-th power of 
the 2-cocycle of R. Thus for R' , 



(9) 



, = \li3 e {!)••• ,r},j e {1, ■•• ,n} 
^ \<£ Vi,je{r + 1,..., n} 
By AG, Proposition 3.2], the monomials fijXj commute in R', that is. 

1 = [/Tfc^fc", W^J] = [pk, xi] [xk, JIi][xk,Xi] Vfc, I G {r + 1, • • • , n}. 

In view of ((9|) , [pk, xi] and [xT, pi] are the same in R and i?' but [xF , xi] is its s-th 
power in R' . It easily follows from this that the elements {/ZjXj}" =r+1 commute in 
R. ' ' □ 

The final lemma of this section is somewhat technical and is used in the proof 
of Theorem B. 

Lemma 4.11. Suppose that F * A has a strongly holonomic module. If rank(A) = 
2m, where m > 1, then A has nontrivial subgroups Bi, where i — 1, • • • ,4, such 
that F * Bi is commutative and which satisfy the following conditions: 

[51, W\ = \b~2,bI] = [b£,S3 = i. 
BinB 2 = b 3 nB 4 = BiB 2 n b 3 b 4 = 1, 

rank(Bi) + rank(£? 2 ) = rank(F 2 ) + rank(i?3) = rank(i?3) + rank(i?4) = m. 

Proof. By Proposition 14. 4[ M contains a simple submodule which is also strongly 
holonomic. Hence we may assume M is simple. 

Let U be a carrier space subgroup of A(M). As shown in the first paragraph 
of the proof of Lemma \4.9\ M is torsion- free as F* [/-module. Moreover as noted 
above rank(C7) = m = GK-dim(M). Let V be a (virtual) complement to U in A 
as given by Lemma [4.101 such that F * V is commutative. By Lemma l4~7l there is a 
finite index subgroup Uo < U so that F*Uq is commutative. But then A Q := UqV 
has finite index in A. In particular, M may be regarded as a finitely generated 
F * Ao-module M . By [HG2| Lemma 2.7], GK-dim(Af ) = GK-dim(M) and it 
follows that Mo is a strongly holonomic F * ^-module. For this reason we will 
assume that A = UV with F *U and F * V commutative. 

By Lemma [431 there is also a subgroup W with rank(W) = rank([/) = m which 
intersects nontrivially with U. Set B 2 := U D W and pick a subgroup B\ in U 
maximal with respect to B\ n B 2 = 1. Let pv ■ A — U V — > V be the projection 
and p'y its restriction to W. Then kerpy = F 2 and so 

x&ak(p' v (W)) + rank(£? 2 ) = rank(V^) = m. 

Set B 3 := Py(W) and let B 4 < V be a subgroup maximal with respect to 

B 3 nB 4 = 1. 

As Bi, B 2 < U and F * J7 is commutative, hence [2?i, F 2 ] = 1 and similarly we can 
show that [B^,1h] = 1. We claim that (£2, £3] = 1. Indeed, let u 2 £ S 2 = £/ n 
and v 3 G -B3. As F3 = £>y(WQ, hence MW3 G W for some it G U. Since F*!^ is 
commutative, hence 

1 = [W 3 ,1t 2 ] = [u,W 2 ]kT 3 ,U 2 ]. 

Moreover, as F*U is commutative, hence [u,w 2 ] = 1 and so [1/3, tt 2 ] = 1. □ 



12 



ASHISH GUPTA 



We shall now give a proof of Theorem B. 

Theorem B. Suppose that an algebra F * A with center F and rank(A) = 2m has 
a strongly holonomic module. Then for a finite index subgroup A' in A, 

F *A' = F *B 1 ® F ■ ■ ■ ® F F*B m , 

where each Bi = Z © Z and m — i rank(A) . 

Proof. We shall use the notation 

vir 

F*A = F * A\®f ■ ■ ■ ® F F * A k 

to express that A has a subgroup A 1 of finite index such that 

F * A' = F * Ax ® F ■ ■ ■ ®f F * A k . 

We shall prove the theorem using induction. As there is nothing to be proved for 
rank(A) = 2, we assume that rank(A) = 2m, where m > 1. We also assume that 
the theorem holds for all smaller values of m and for all fields F. 

Let Bj, where j = 1, • • • , 4, be as in Lemma [4.111 and set B := Ylt=i ^i- By the 
same lemma, F *B 2 B 3 is commutative and 

rank(B 2 B 3 ) = m = GK-dim(M). 

We fix bases in the subgroups Bj, where j = 1, ■ • • ,4, as follows: 

Bx ■■= (uk+i, ■ ■ ■ ,u m ), 
B 2 ■= (ux; ■ ■ ■ ,u k ), 
B 3 ■= (w k +x, ■ ■ ■ ,w m ), 
B 4 := (wx, ■ ■ ■ ,Wk). 

By Lemma [4.101 (with C = B 2 B 3 ), there are monomials fij € F * B 2 and i/j 6 
F * B 3 , where j = 1, • • • m, such that the monomials in 

(10) {lMViW*}i=l t ... ,k U !/'.'';", \j k-\ I ,m 

commute mutually for some s > 0. Set 

(11) w- = ^w-, iij = fj,jUj Vi G {1, • • • , k}, j € {k + 1, • • • , m}. 
As just noted in (flT)]) , 

= \pti , ^ z/j ■] \pi , uj s ] [z^uJT 5 , fij vfuf s \ . 

But [fii, fj.jh'j] = 1 since F*B 2 B 3 is commutative and [/ij,tZy s ] = 1 because by 
Lemma STU {bI,B~q\ — 1. We thus have 

By Lemma [1.111 F * B 3 is commutative and [S3, B4] = 1. It follows that 

[vi,Vj] = [wi s ,vj] = 1. 
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Hence in view of (fTTj). 

(12) K,^] = i- 

Setting B[ := (u' k+1 , ■ ■ ■ , u' m ) and B' 4 :— (w[, • • • , W' k ), we have 

[W 1) W i } = (i), 

which in view of Lemma 14.111 gives 

(13) [BJb;,B^BZ} = (1). 
Hence 

(14) F*B = F*B' 1 B 3 ® F F*B 2 B' A . 

By the hypothesis in the theorem, F * A has center exactly F, hence in view of 
(flUl) . F * B[B 2 B 3 has center exactly F*B 2 . Moreover, C := F * B[B 2 is commu- 
tative and M is thus torsion- free over C Hence for a finitely generated critical 
F*^5 2 5 3 -submodule N of M, GK-dim(iV) = m. Localizing F * B[B 2 B 3 at 
F * B 2 \ {0} we obtain F' * B[B 3 , where F' is the quotient field of the integral 
domain F * B 2 . 

We claim that M' := M{F*B 2 )~ 1 is a strongly holonomic F' * _B^_B 3 -module. 
Indeed, in view of |BG3[ Lemma 4.5(2)], 

GK-dim(M') = GK-dim(M) -k = m-k = ~ mnk(B[B 3 ) , 

and M' is F' * C-torsion-free, whenever F' *C is commutative (see [BG41 Lemma 
4.3]). We note that the 2-cocycle of F' * B[B 3 is the restriction of the 2-cocycle of 
F * B[B 2 B 3 to B[B 3 . Then the induction hypothesis yields: 

(15) F*B[B 3 = r F*d ® F F*C 2 ® F ---®F*C m - k . 

By parallel reasoning applied to F * B 2 B 3 B' 4 (which has center F * B 3 ), we obtain: 

(16) F*B 2 B' 4 = r F * E x ® F F * E 2 ® F ■ ■ ■ ® F F * E k . 

Combining ([M)) . ([T5l) and (|T6|) shows the assertion in the theorem. □ 

5. NONHOLONOMIC SIMPLE MODULES 

We now consider the problem of the GK dimensions of simple modules over the 
algebras F * A. In particular, we wish to show there can be simple F * A-modulcs 
with distinct GK dimensions. We shall accomplish this by embedding F * A in 
a principal ideal domain (PID). Given an algebra F * A, let B be a subgroup of 
A with A/B infinite cyclic. The localization F* A(F * B)' 1 is a crossed product 
D * A/B, where D denotes the quotient division ring F * B(F * B) -1 . Moreover, if 
A/B = (uB) then D*A/B is a skew-Laurent extension D[u ±1 ,cr], where cr(d) = 
udu^ 1 for all d G D. 

Definition 5.1. Let R be a PID. An element r € R is irreducible when r = st, 
where s,t £ R, implies that either s or t is a unit in R. 

Theorem C in section [1] immediately follows from the next proposition. 
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Proposition 5.2. Suppose that F *A has center exactly F and A has a subgroup 
B with F*B commutative and with A/B infinite cyclic. Then F *A has a simple 
module S± with GK-dim(S'i) = 1. Furthermore, let A/B = (uB) and R be the right 
Ore localization R := F * A(F * £>) _1 . Let r be an irreducible element in the PID 
R. If J := F * A H rR contains a nonzero element 7 such that in the (unigue) 
expression 

t 

(17) 7 = !>«*, 

i—s 

where s,t G Z, fit £ F * B and f3 s and j3 t are units in F * B, then S2 '■= F * A/ 'J is 
a simple F * B -torsion-free module with GK-dimfSa) =n — 1. 

We shall first show the following lemma which is used in the proof of Proposition 

Lemma 5.3. Let F*A and F*B be as in Proposition [57J1 Then any nonzero 
finitely generated F * A-module M which is finitely generated as a F*B-module is 
F * B -torsion- free. 

Proof. Let rank(v4) = t. Suppose to the contrary that the F * B-torsion submodulc 
T of M is nonzero. Since F * B \ {0} is a right Ore subset in F * A, therefore T is 
an F * A-submodule of M. Since F * B is nocthcrian, the hypothesis in the lemma 
that M is finitely generated as F * B-module implies that T is finitely generated as 
F * S-module. 

It follows by |BG2i Lemma 2.7] that the GK dimension of T as F* A- module 
equals that as F * B-modulc. But T is by definition F * S-torsion and so 

GK-dim(T) < rank(S) = t - 1 

by Definition EH and [BG2| Proposition 2.6]. 

We shall assume for clarity that GK-dim(T) = t — 2 for our reasoning below is 
equally valid for all possibilities of GK-dim(T) < t — 1. By Definition 12.31 there 
is a subgroup C < B with rank t — 2 so that T is not F * C-torsion and in view 
of [BG21 Lemma 2.6], C may be picked so that B/C is infinite cyclic. We pick 
a basis {v\,V2, ■ ■ ■ ,Vt-2\ in C. Since B/C = Z, this can be extended to a basis 
{vi,V2,--- , Vt-2, Vt—i} of B. By Lemma l4.10l there are monomials fi+^i . fit ^F*C 
and an integer s > so that 

\fit-iv'_ v pL t u s ] = 1. 

Hence in view of (@|, 

(18) \jH-iv'- 1 ,IH]\jH-iVt-i,u'] = 1- 

By the hypothesis in the lemma F * B is commutative and hence [(i t -iv~t_i, fJ-t] — 1- 
Thus by {TSJ} we get noting Q - © that 

(19) 1 = [Mt-iw 4 s _i,u s ] = [M?-i«t-i,4 

But (fT9|) implies that the nontrivial monomial /i^_ 1 v^_ 1 is central in F * A contrary 
to the assumption in the lemma that F * A has center F. 

□ 
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Proof of Proposition \5.2[ We shall first show that 5*2 is simple with GK-dim(S r 2) = 
n — 1. As noted above, R is a PID. Thus if r is an irreducible in R then rR is a 
maximal right ideal in R. 

By [BVOl Lemma 3.3], J = F * AD rR is a maximal right ideal of F * A if and 
only if for each (3 G F*B\ {0}, 

(20) F*A = j3F*A + J. 

We shall show that S% = F*A/J is simple by showing that the equality (|20l) is 
satisfied. Indeed, by the hypothesis in the theorem, J contains a nonzero element 
7 of the form |Q7J) and so by [MJ Proposition 2.1], S 2 = F*A/J is a finitely 
generated F * F-module. Setting J p := (3{F *A) + J, for f3 G F*F\{0}, it follows 
that Afg := F * A/ Jp is a finitely generated F * F-module. We note that if Mp ^ 0, 
it has a nonzero element to, namely the coset 1 + Jp, such that to/3 = for the 
nonzero (3 G F * B. But this is a contradiction in view of Lemma l5~3l Hence Af^ = 
and it follows that (|20|) is satisfied and thus S2 is simple. As already noted above S2 
is finitely generated as an F * F-module and so by Lemma [5731 is F * F-torsion-free. 
Hence by Definition 12.31 GK-dim^) > n — 1. But GK-dim^) = n is impossible 
for it implies, noting Definition [2731 that S2 — F * A and it is easily seen that F * A 
is not a simple F * ^4-module. 

It remains to show that F*A has a simple module Si with GK-dim(S'i) = 1. 
By Section 2], F* A has a finitely generated module Ti with GK-dim(Ti) = 1. 
We claim that if N is a finitely generated F * A-module with GK-dim(JV) = 
then N = 0. Indeed, ii N ^ then by Theorem 3], A has a sub group A' 
with [A : A'] < 00 such that F * A' is commutative. It is easily seen, noting ((4]) - 
(J5J) , that in this case F * A has center larger than F contrary to the hypothesis in 
Proposition 15.21 

By a reasoning parallel to that in the proof of Proposition ^. 41 it follows that T\ 
has finite length and so contains a simple submodule S\ with GK-dim(S'i) = 1. □ 

Example 5.4. Let t > be an integer and K — 1 , ■ • • ,uf x ] be the ordinary 

Laurent polynomial ring over Q in the t variables u\,- ■ ■ ,u n . Let Pi,p2, ■ • ■ ,Pt 
be distinct primes in Z. The skew- Laurent extension T = K where a is 

the automorphism of ' K defined by o~(Ui) = PiUi, is a quantum Laurent polynomial 
algebra that satisfies the hypothesis of Proposition \5.2l Furthermore, let K* := 
K — {0} and R be the right Ore localization ofT at K* . Let r G R be an irreducible 
element of the form 

r = u k + f x u k - 1 + ■■■ + f k -iu + g, 

where k G Z + , /1, • • • , /fc-i, g G K. and g is a monomial. Clearly, r satisfies Jj7| j. 
By Provosition 1 5. 21 T/TdrR is a simple T-module which is torsion-free over K. 

This paper is mainly extracted from the author's thesis and I wish to express my 
sincerest gratitude to Dr. J. R. J. Groves for his supervision and to the University 
of Melbourne for financial support. 
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